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Example: Segmentation @

* Local model
« eX.: Models of pixel values for each kind of tissue

* Prior model / regularization
* Assume smoothness

* Express the tradeoff by an energy E (X)
« Faithful to the data and model and smooth
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Example: Segmentation @
* Find the X that minimizes the energy

X, = 0or1foreach pixel v

EOO =) gu(X)+ ) KlXy—X,l

vEV (u,v)EE
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Example: Segmentation @
* Find the X that minimizes the energy
X, = 0 or 1 for each pixel v \/‘ Data

Data term

Based on the data g,(1) = —logd(l,,1),l =0,1
and the image Yv (Xv) o

formation model %
Allvpixels M) 6 (C, 1)
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Example: Segmentation @
* Find the X that minimizes the energy

X, = 0or1foreach pixel v

O if neghiboring
labels coincide

k > 0 if they differ (u,v)EE
Neighboring
pairs of pixels

Faithful to
data

K|Xu_Xv|

’

smooth
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Energy Minimization

* Consider the energy of the form
E(X) = Z gv(Xy) + Z hoyy (X, Xo)

veV (u,v)EE
Data term  Smoothing tferm
where Vs the set of locations (sites)

E is the set of neighboring pairs of sites
X assigns a label to each site inV

* st order Markov Random Field (MRF)
* Problem: Find the X that minimizes E (X)
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Energy minimization by ‘
minimum cuts (binary case) ¥
° 1:1 correstpondence between g( and cuts
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Energy minimization by ‘
minimum cuts (binary case) ¥
° 1:1 correspondence be’rween X and cuts
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Energy minimization by ‘
minimum cuts (binary case) ¥
° 1:1 correspondence between X and cuts

X01101110011 XlllOOOOOlOO

* Energy = Cut cost

* Mincut — Global Energy minimization
Submodularity  Kolmogorov & Zabih IEEE TPAMI2004

S R (0,0) 4 Ry (1,1) < hyy (0,1) + hypy(1,0) o




Energy minimization by ‘
minimum cuts (> 3 labels) ¥

EOO =) gu(X)+ D (X X,)

vEV (u,v)EE

* If the L has linear order L = {l,, 14, ..., [}

» Globally minimizeable <
hyv(l;, 1;)is a convex function of i — j
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> 3 labels, approximation

Move-making algorithms
* [terative approximation algorithms

* In each iteration, finds the globally
optimal move using binary graph cuts
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> 3 labels, approximation
Move-making algorithms

* [terative approximation algorithms

* In each iteration, finds the globally
optimal move using binary graph cuts
Move
° afi swap
* Allows label changesa —» 3, f - a only
* @-expansion
» Allows changing 1o a only
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a-expansion

In each iteration, the a area expands
Initial
@ -expansion

@ -expansion

@ -cxpansion

@ -expansion

Courtesy Yuri Boykov
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First-order energy

Good (Low Energy)  Bad (High Energy)
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Higher-order energy

Good (Low Energy)

Bad (High Energy)
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Better (Lower Energy) _ Worse (Higher Energy)
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Higher-order energy
Better (Lower Energy) ﬁ Worse (Higher Energy)
" " m™
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Higher-order energy
E(X)= ch<X )

—Zg(X)+Zh (X ,X)
+ Zk (X, X,X,X)

(u,v,8,t)
Better (Lower Energy) ﬁ Worse (Higher Energy)

Ry ™
JLTF I N

25th European (Ionfcrcnc'
a EURO on Operational Rcsc;\rch ;
2012 = 11 July 2012

™
—



Higher-order energy

Ishikawa CVPR2009, PAMI2011; Gallagher et al. CVPR2011
Fix et al. ICCV2011; Kahl & Strandmark ICCV2011

* Transform arbitrary higher-order binary energy
E(X)=E(X,,--,X,)= ch(Xc)

Ce7r”
INto an equivalent first-order energy

|

E(X)=E(X,, X, X,)=> g (X )+ h.(X,,X,)

 Adds variables
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Higher-order energy

Ishikawa CVPR2009, PAMI2011; Gallagher et al. CVPR2011
Fix et al. ICCV2011; Kahl & Strandmark ICCV2011

* Transform arbitrary higher-order binary energy
E(X)=E(X,,--,X,)= ch(Xc)

Ce7r”
INto an equivalent first-order energy

|

E()}i) = E(Xlﬂ.uﬂXnan DXm) - ng(Xv)_I_zhuv(Xu?Xv)
* Adds variables

* More than 2 labels - Fusion moves
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Multiple labels: Fusion Move

Assume labels L={/,---,1,}

Labeling Y assigns a label Y, to each v

Fusion Move Lempitsky et al. ICCV2007
Iteratively update Y:
1. Generate a proposed labeling P
2. Merge Yand P
The merge defines a binary problem:

"For each v, change Y, to P, or not”
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Multiple labels: Fusion Move @

B )

Fusion Move

b—‘b—‘Ob—‘
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Iteratively update Y:
1. Generate a proposed labeling P
2. Merge Yand P

The merge defines a binary problem:
"For each v, change Y, to P, or not”
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Multiple labels: Fusion Move @

& e

Fusion Move
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Iteratively update Y:
1. Generate a proposed labeling P
2. Merge Yand P

The merge defines a binary problem:
"For each v, change Y, to P, or not”
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Fusion Move with Roof Dual

Roof duality
Hammer et al. 1984, Boros et al. 1991, 2006

Minimizes submodular E globally
For non-submodular E, assigns each pixel
O, 1, orunlabeled

With fusion move, by keeping unlabeled
pixels unchanged, E doesn’t increase
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Fusion Move with Roof Dual

Roof duality
Hammer et al. 1984, Boros et al. 1991, 2006

Minimizes submodular E globally
For non-submodular E, assigns each pixel
O, 1, orunlabeled

With fusion move, by keeping unlabeled
pixels unchanged, E doesn’t increase

25th European Conferened
EURO on Operational Researehy
2012 8-11 July 2012



Example: Denoising by FoE

FOE (Fields of Experts) Roth & Black CVPR2005
A higher-order prior for natural images

EY)= ch (Y,.) % . aset of cliques

Ce¥ YC :(YV)VEC

;! fC(YC):ZK:ailog(l—l—%(Ji-Yc)zj
N —-Y)°
f ) =53
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Original Noise-added
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Proposal Selection @

* a-expansion works well with the Potts energy
because the proposal (constant) is in the null
space of the prior

*  With higher-order energy, selection of the
proposal is more subftle

Energy
130 ¢
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N\ \
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“Higher-order Gradient Descent” @

* Move the current labeling X by the gradient of E
to generate the proposal P

0E

P =X —ngradE(X) P”:X”_”ax
v

Energy
130

110 ¥

1 N —__a-expansion

30 \_ Gradient

30 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 20 40 60 80 100 120 140 sec.

Gradient Blur & random
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“Higher-order Gradient Descent”
* Not quite gradient descent

* The gradient of even a part of the energy (e.gQ.
only the higher-order, prior part) can be used

* The descent step (n) can safely be made quite
large

* These can safely be done because the actual

move Is guarded against increasing the energy
by graph cut
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“Higher-order Gradient Descent”

Second-order stereo (Woodford et al. CVPR2008)

Bad pixels (%) . Bad pixels (%)
. Final Energy ' Only the prior Final Energy
Time %1010 Time x 1010
2500 10.0 2000 10.0
Time ixel Time i
oo | Bad pixels ‘0 <o | Bad pixels
1500 / 6.0 1200 - 6.0
1000 4.0 800 - 4.0
500 - . 2.0 400 . 2.0
Final energy Final energy
‘ - 0.0 - 00
0 0
Original 1N =0.003 1N =0.01 Original 1= 0.001 1N =0.003
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Summary

* Labeling problem

* Graph Cut
*  Binary
*  Multiple label
* Higher-order energy

 Fusion move

* Higher-order Gradient descent
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